Waves everywhere:
Modeling microscopy images
using Fourier optic
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Introduction

Understanding the propagation of the light from the sample to
the camera

® Why

- to estimate the performance of setups

+ to recognize the degradation induced by to the
microscope (and possibly correct it)

" How

- traveling from light propagation to PSF modeling
- traveling through the equations
- 1llustrating many phenomena using PropagationlLab icy

plugin
https://github.com/FerreolS/PropagationLab
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Helmholtz equation

In homogeneous medium the scalar electric field is such that:

VZE(r) + k*E(r) = 0 with {

27T
k=50
r (,y, 2)

® Plane wave as solution of Heimholtz equation

P(r) = exp (:

:ngr) st ||k||? = k2

General solution:

3D wavefield as a linear combination of plane waves
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Complex representation of plane waves

Electric field of a plane wave going in the direction k

wavenumber
Py (r,t) = cos (kTr—wt) k_Q_W_g
jkTr —Jwt A ¢
= Re (¢” Te7¥) = ||kl
P ()

:\//cg+k§+kg/

Complex amplitude Ak,
Pr(r) = exp (] k' r)

withk'r =k, o +k,y+k. 2 O ky
| . >
b K.,= 2711V,
The vector k = ( k., ) pointing in the direction of propagation
k.
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Complex representation of plane waves

@ PlaneWave = || @ Incidentwave = O g‘g @ Incidentwave = O X
num pixel 128 @ “‘ v} 20 v ’o» Nﬁ) 0 © o' v’ 2D « H ) Hﬁ’ 0 &
dxy(nm): 64,5 5 @ - 7 |
A(nm): 540 5 @ ;
ni: 17 @ .
angle x: 40 C @
angle y: 20 C @
» [ 2 /‘ .
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3D wavefield

® 3D wavefield is a sum of plane waves

///+OO J(k) exp (k7)) dk

A Fourier transform! L \\
Easy computation of coefficients —AIQ- ) \
E(k)=pe’? / / /y .\
W én/ < \\
aves propagaths only when 6
T X
[kl = 5 \j g

The 3D field is fully described by
the 2D surface of the Ewald sphere =~ Ewald sphere
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Angular spectrum representation

2D formulation
Plane wave E can be re-written as:

k§+k§+k§:k2<:>kzzi\/k2—kg—kg

E(Qja Y, Z) — ej (km w—l_ky y+z kz)

_ ol (kaatkyy) 72/ k>—kZ—k]

® Properties

k, = —\/ k? — k7 — k; — wave propagating in the half-space z < 0

k, = +\/ k? — k2 — kg —— wave propagating in the half-space z > 0

ki -+ k; < k* —> propagating wave

k2 + k; > k?* — non-propagating wave: evanescent wave
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Angular spectrum representation

Forward propagating plane wave:
P(x,y,z) = o) (ko wtky y) o +12 \/F2—k2—K2

The Fourier transform becomes 2D
+00
Wave-field at z=0 : E(z,y,0) = // E(ky, ky;0) e ke othyv)qg dk,
+too
Wave-field atz: FE(z,y,2) = / E(ky, ky,;0)e? 2 k= o (ke 2tk v) qL dE,

The 3D wave-field is totally described by the 2D wave-field at z=0
E(ky, ky;2) = hy(ky, ky) E(ky, ky; 0)

ik, ky) = & FVE RN
Angular spectrum propagator
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Propagation of plane wave

ik, ky) = & VRN

Angular spectrum propagator

- Each plane wave propagates independently

+ propagation is just a phase shift

- phase shifting is more important for high frequencies
- frequencies higher than k are cut
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Propagation cutoff

\& P File to sequence 1 Ql {& > Propagate 2 Q] #.u » Fourier transform 3 Q‘
input file /Users/ferr... input No Sequence input No Sequence
Series 0 dxy(nm): 64,5 O Backward
sequence A(nm): 540 O FFT shift |V
ni: 1 Output: log(modulus) v
depth (mm): 0,004 Output
Output: Cartesian v @y »  Fourier transform 5 J
Propagated field Image input No Sequence o
© Backward )
© FFT shift |V -
© Output: log(modulus) v 0
Output O~

“w > Display 6 &
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Interaction with a planar sample

B Complex transmission of the sample

— e(JknT Hr)Sr 4——— thickness

/N

refractive attenuation
iIndex

® Complex amplitude after interaction

Ei(r) = E;(r)o(r)
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Evanescent waves

w. > File to sequence 1

Display 8 O

Q input file /Users/ferr... |Q - > Propagate 2 O @& P Fourier transform T Q.
O Serles - o Input No Sequence o = input No Sequence [+
sequence O—I_g dxy(nm): 645 2 I8 O Backward )
O AMnm): 540 510 O FFT shift v -]
Q ni: 15 Q9 © Output: log(modulus) v 0
© depth (mm): 0,300000000000( & © Output O——O
© Output: Cartesian v O
Propagated field Image
- j
- Propagate 30 “w» Display 99
input No Sequence ()
O dxy(nm); 64,5 > 1O @& P Fourier transform 4
O Anm): 540 ~ O input No Sequence (]
O ni: 13 A Q Backward )
© depth (mm): 0,001000000000( £ © O FFT shift (¥ o
O Output: Cartesian o © Output: log(modulus) N +)
Propagated field Image Output —O
L.
Display 10
- b Propagate 5 O
\O input No Sequence (4]
Q© dxy(nm): 645 51O
Q AMlnm): 540 210 & P Fourier transform 6 O
~Q ni: o QO input No Sequence (+)
© depth (mm): 1 20 © Backward -
© Output: Cartesian (+ O FFT shift v )
Propagated field Image © © Output: log(modulus) v O
Output
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Fresnel approximation

(ks ky) = &5V

Angular spectrum propagator

k2 + k2 k2 + k;
\/k2—kg—k5:k\/1 > zk(l o

Amounts to paraxial approximation:
the field varies slowly in the transverse direction.

2 4 12
k2 4k

(ke ky) =e™7 2%
Fresnel propagator
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Fresnel in space domain

2 4 12
. ka+k

h,(kz,ky) =e 7 2F
Fresnel propagator

Multiplication in Fourier = convolution in space

® Fresnel propagator in space domain (convolution)

1 w2+y2
(z,y) e
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Fresnel number

&2

Number of period across the half aperture N F = —

A2

)l)) :

NF>>1 Ne<<1
Spherical waves Parabollc waves Plane waves
Angular spectrum Fresnel Fraunohofer
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Diffraction by a lens

A lens curves the wavefront
(((@

A planar wave becomes a parabolic wave

A lens of focal distance f has a complex transmittance with a
parabolic phase shift: L

T'(z,y) = exp (Jﬁ (2 + y2)>
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Diffraction by a lens

A lens of focal distance f has a complex transmittance

T(z,y) = exp ( % (27 +y2)>

Right after the lens:
E(x,y,07) = T(z,y) E(x,y,0)

Propagation to the focal plane = convolution by the Fresnel function
E(z,y, f) = E(z,y,0") * hy(z,y)
— //T(:p’,y’)E(x’,y’,O) he(x —a',y—y')da' dy’

1 -%‘2—|-y2

el T TXT
JAS
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Diffraction by a lens

A lens of focal distance f has a complex transmittance

T(x,y) = exp( Qkf (2% +y ))

Right after the lens:
E(x,y,07) = T(z,y) E(x,y,0)

Propagation to the focal plane = convolution by the Fresnel function
—|—oo
E(z,y, f // B,y ,0) oI35 (22 +y"?) o= (=) +(y=9")?) 1,/ dy’

—l_oo / /
E(x, y,f)—e“f ity // E(x',y',0)e 155 (2o +0'y) Q0 dy

0) Fourier transform
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(@

Lenses have finite extension -> high angles (ie frequencies) are cut.

The pupil function cut frequencies higher than NA /\
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4f setup

S R R R EEEREERERNR,]
>
p
T3
x

Object plane Pupil plane Detector plane
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4F system

w. > USAF 2 . Fourier transform 3 Y
#. P> Complex multiplication 4 ;
_LO input No Sequence O'\ f( P P v . Fourier transform 5 O
@ Backward > - ) input No Sequence [+
© Output: Cartesian v O © FFT shift @
Output O-J/ © Output: modulus v IO
- Output O)
[ ~ 4l » Complex convert 122 ) (
#u P Complex convert 6 )
(&b fft shift 90-) [u:.b fft shift 130)
~ e
. > Display 8 !
- > Display 19 > Display 109 “w > Display 14 O
=1
=1
1= el ||
I

=
= Em

A

i)

“ ¥
NPN=: ——

i m=: —
" HI= 4 III JeS—
- ns

=1l w= —
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Fourier ptychography

lllumination with tilted incident waves

Multiplication in space is convolution in Fourier domain:
- illumination by a plane wave shifts the spectrum of the object

o
—o input 2 No Sec ° -
O input 2 type Real D: .0 ~— wu P Fourier transform 9 O) I | | ‘ H ‘
- Plane wa ve 19 O Output type Cartes) -0 ( e || |
— Output P square 1 Q " ‘ ‘ .
D dxy(nm) 64,5 T 10O~ l e | l ‘
ixel 1024 +— . |
s e A (-‘. P Fourier transform § | .
) Atnm: 540 2 O~ ) : || o
D ni: 1,3 J 1O~
) angle i # P Complex multiplication 6 & —<
D angley (]
generated plane wave O—1—
J

(‘ P Pupil function 2

O input No Sequence ()
Q input type: Cartesian {dll —— 09
© Output type: Log(modulus) 1 '
Outp

[-:,b fft shift 8 ow
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Image of a single emitter

P USAF 2 O ) - r Fourier transform 49 @& » Pupil function 1 Q ) o Fourier transform 6
input No Sequence (4] :
input No Sequence (]
( O Backward -] #u P> Complex multiplication 5 9 )_f_g Bapk d v 1 : o
ckwar
# P> singledot 3 O\~ per chift ) f O FFT shift v o
shift
» input file /Users/fer... 'Q Output: Cartesian v 0
o o : a : artesi: [+ Output:  modulus - 0
ries Output
Output
sequence O)
LO‘, > Complex convert 10 O “» Complex convert 8 &
fnpm N.lo Sequence ] \o input No Sequence (] o » square 7 Q
°mpul type: Cartesian v o °|nput type: Cartesian v Qo )
. { v (
© Output type: Log(modulus) o © Output type: Log(modulus) - Q0
Output O) Output O)
o > ffeshife 110 ) (.:. » freshift 9 Q ) -“ > Display 120
] 4 r
-4l » Display 142 o Display 139

- Display 15
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Going 3D: the widefield PSF

For a single emitter, the flux in each z plane is fully described by the
pupil function.

3D PSF generated by propagating the wave to each plane in depth
around the focal plane.
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Convolution

Emitters are incoherent: the image is the sum of the image of emitters

Convolution
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The missing cone

PSF spectrum (OTF)

Donut shaped OTF

OFT cut most frequency
along the depth axis:
Very bad optical
sectioning!
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Aberrations: refractive index mismatch

specimen coverslip immersion objective
ts > € tg " t1 > € -——— )
[ N ) nj
g
c
)
E
@
Q.
>
\<Z | .
( optical axis
S
® \
T
\ ng nz
f* o f*
' a S [Aguet2010]
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Aberrations: refractive index mismatch

RI mismatch induces aberrations:
= strong as we focus deeper
= changes the focalisation depth
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Engineering PSF

Increasing optical sectioning and resolution by
crafting the PSF

PSFsyS — PSFeX X PSFdet

LA

system excitation detection
B Widefield

depth

system excitation detection
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The PSF is the 3D probability density P;,(r) of the
photons distribution

Probability density of 2 photons interaction:
Pop (1) = Pip(T) X Pip(r)

PSFQP — PSFlP X PSFlP

Collecting all the emitted light: PSFge = 1

Ferréol Soulez 30



2 photons

excitation PSF PSFop = PSFip X PSFp
Collecting all the emitted light: PSFg4e = 1

® 2 Photons PSF

depth

system excitation detection
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2-photons

Widefield OTF 2 photons OTF
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PSFsyS — PSFeX X PSFdet

R

system excitation detection

depth

_ ——
" mecase <

system excitation detection
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